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ABSTRACT  
Bubble coalescence in some salt solutions can be inhibited if the salt concentration reaches a 
critical concentration crC . There are three models available for crC  in the literature, but fail to 
predict crC  correctly. The first two models employ the van der Waals attraction power laws to 
establish crC from the discriminant of quadratic or cubic polynomials. To improve the two models, 
the third model uses the same momentum balance equation of the previous models, but different 
intermolecular force generated by water hydration with exponential decaying. The third prediction 
for crC  requires the experimental input for film rupture thickness and is incomplete. We show 
further in this paper that the third model is incorrect. We propose a novel methodology for 
determining crC  which resolves the mathematical uncertainties in modelling crC  and can explicitly 
predict it from any relevant intermolecular forces. The methodology is based on the discovery that  
crC  occurs at the local maximum of the balance equation for the capillary pressure, disjoining 
pressure and pressure of the Gibbs-Marangoni stress. The novel generic approach is successfully 
validated using non-linear equations for complicated disjoining pressure. 
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1. INTRODUCTION 
Inorganic salts are known to significantly influence bubble coalescence in liquids, bubble size 
and distribution, gas holdup, gas-liquid interfacial area and bubble rise velocity, all of which 
critically govern many important devices (e.g., bubble columns, distillation towers and bioreactors) 
and industrial processes (e.g., dissolved air flotation used to prepare seawater fed to desalination 
plants, and induced air flotation used to recover valuable minerals from the earth’s crust) 1-9. The 
foaminess of ocean waves on the beach exemplifies the significant effect of salts in reducing bubble 
coalescence in nature. The experiments show that bubble coalescence can be significantly inhibited 
beyond a critical salt concentration, crC  (also termed the transition concentration) 
5, 9-14. It is 
referred to as the critical concentration here because bubbles and liquid films undergo a transition 
from coalescence to non-coalescence at the critical moment when the opposing forces are balanced.  
Despite the maturity of experimental techniques and evidence, a full theoretical understanding 
of inhibition of bubble coalescence in salt solutions is still lacking. So far, there are three models 
available in the literature to predict the critical salt concentrations15-17. All of these models are based 
on the finding that at crC , salts can alter the interfaces of the intervening liquid films between 
bubbles, such that they change from mobile interfaces at low salt concentration to the immobile 
interfaces at high salt concentration &. Consequently, at crC  the film drainage changes from the 
inertial regime at low salt concentration to the viscous regime at high salt concentration 16-19. At the 
transition from the inertial to viscous drainage regime, the pressure of the Gibbs-Marangoni stress 
can be sufficiently large to counterbalance the driving force of film rupture by the capillary pressure 
and attractive disjoining pressure. For example, Marrucci 15 considered the London-van der Waals 
attraction in the pressure balance, and the corresponding expression for crC  is obtained from the 
discriminant of the cubic polynomial as follows 16: 
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where υ is the number of ions produced upon salt dissociation, Rg is the gas constant, T is the 
absolute temperature, A is the non-retarded Hamaker constant, R is the bubble radius, and σ and 
/ C  are the surface tension and the surface tension gradient with respect to salt concentration, 
respectively. 
Although the electromagnetically non-retarded London-van der Waals attraction is strong, it 
is very short-ranged, i.e., shorter than 10 nm, while gas bubbles in saline water normally coalesce at 
the film thickness larger than 40 nm. Therefore, it is argued that the electromagnetically retarded 
Casimir-van der Waals attraction acting over the distance of the rupture thickness of the film should 
be used in modelling the critical salt concentration 16. The quadratic polynomial of the modified 
theory gives the following prediction for crC  
16:  
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where B is the retarded Hamaker constant. The authors also examined the effect of inertial drainage 
on crC , obtaining another prediction similar to Eq. [2], where the numerical constant is replaced by 
1.181. It is noted that an exact value for the Hamaker constants in Eqs. [1] and [2] is difficult to 
determine. Indeed, using the advanced Lifshitz theory on van der Waals interaction energy we have 
recently shown 20 that the Hamaker constants were not correctly calculated by previous authors and  
both Eqs. [1] and [2]  under-estimate the experimental results for crC . 
In 2005, Chan and Tsang 17 were not able to compare the two models for crC  with their 
experimental results and modified the previous models by replacing the van der Waals attractions 
by the repulsive hydration forces. They argued that the Gibbs-Marangoni tangential stress produced 
by the surface tension gradient would not be strong enough to inhibit the bubble coalescence. Their 
prediction for crC  is a function of the thickness of the film at rupture, ruph ,  as follows: 
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Since the film rupture thickness is usually unknown, the third model requires further experimental 
work to determine the thickness as the model input. The third model is incomplete because crC  can 
usually be obtained using simple devices like a bubble column 9 and independent measurements of 
film rupture thickness are not required. We show below that this model is also incorrect.   
In this paper, we present a new, generic method for predicting crC  from the same starting 
equation of momentum balance for liquid flow inside thin films. This method resolves the 
mathematical uncertainties and incorrectness in modelling crC  and can be used with complicated 
equations for intermolecular forces which likely play the key role in the bubble coalescence affair. 
Indeed, the failure of the third model is due to the fact that the proposed pressure balance equation 
cannot be broken down at the transition, which can be proved by using the new methodology. The 
outcome of our novel approach is the ability to explicitly predict crC  from the known surface 
tension of salt solutions and its concentration gradient, and the physical properties of air bubbles 
such as size and intermolecular forces. 
2. MODEL DEVELOPMENT 
The starting point of many modelling works in the area of bubble coalescence and thin liquid 
film drainage is the momentum balance as described by the Navier-Stokes equation for low 
Reynolds number flows within thin liquid films. This is a well-established area, known as the 
lubrication theory. Therefore, we do not repeat all the derivations here and consider the available 
generic result for pressure balance equation at the transition 16-17:  
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where  h  is the disjoining pressure of intermolecular forces between the film surfaces, h is the 
averaged film thickness, the first term is the pressure of the Gibbs-Marangoni stress and the second 
term is the capillary pressure. In Eq. [4], the inertial effect on the film drainage is ignored. 
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Figure 1. Variation of balance of pressures as described by the left hand side of Eq. [4] versus film 
thickness at three characteristic salt concentrations, i.e., low concentration ( crC C ), high 
concentration ( crC C ) and critical concentration ( crC C ). The model parameters include: 
0.001 mR  , 2  ,    10000 exp /10  [Pa]h h     , 0.000629 McrC  , 293 KT ,  
0.072 N   and 1 1/ 0.001 N m MC       . 
 
Now the new modelling approach is developed based on the following analysis of Eq. [4] and 
discovery. It is noted that when h is very large, the Gibbs-Marangoni pressure (first term) and the 
disjoining pressure (third term) of Eq. [4] approach zero, and the balance of pressures on the left 
hand side of Eq. [4] becomes negative (i.e., is equal to 2 / R  ). Likewise as h approaches zero 
21/ h  approaches infinity, and the balance of pressures becomes a large positive value. For 
intermediate values of film thickness, 10 nm < 100 nmh  , the change in the balance of pressures 
depends to a significant extent on the variation of the disjoining pressure versus h as well as the salt 
concentration. For example, for a low salt concentration and an attractive (negative) disjoining 
pressure, the balance of pressures can increase from the negative value of 2 / R  to a local 
maximum, pass through a local minimum and then increase to a large positive value (infinity) when 
the film thickness h decreases from a very large value (infinity) to a small value (zero). Shown in 
Figure 1 is the typical variation of the balance of pressures on the left hand side of Eq. [4] versus 
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the film thickness and salt concentration. Without loss of generality, a single exponential 
dependence of the attractive disjoining pressure on the film thickness, i.e.,  exp /A h     , is 
used for the illustration in Figure 1. If the salt concentration is high, the balance of pressures does 
not exhibit any local maximum or minimum, i.e., it increases monotonically from the negative value 
of 2 / R  (at h  ) to  (at 0h  ) as shown in Figure 1. 
The variation of the balance of pressures as illustrated in Figure 1, in conjunction with the 
available experimental observations, is important for our interpretation of the stability of aqueous 
films of salt solutions. Firstly, the aqueous films of salt solutions (surfactant-free films) are 
relatively thick and often rupture before becoming a very thin film of a thickness less than 20 nm. 
For those films of low salt concentrations ( crC C ), the balance of pressures is negative and, 
therefore, Eq. [4] cannot be satisfied, i.e., it has no real solution for h. This nonexistence of a 
solution for h means that a (meta-) stable or (quasi-) equilibrated film cannot exist under the 
condition of low salt concentration. For high salt concentrations ( crC C ), Eq. [4] can be satisfied, 
i.e., it has a real solution for h for the film stability, which is the horizontal coordinate of the 
intercept of the blue curve in Figure 1 with the horizontal axis – the existence of the solution for h 
means that a (meta-) stable or (quasi-) equilibrated film exists under the condition of high salt 
concentration. Critically, the transition from unstable to stable films occurs when Eq. [4] is just met, 
i.e., the curve of the balance of pressures just locally touches the horizontal axis as illustrated by the 
green curve in Figure 1. This condition can happen when the local maximum is equal to zero and 
can mathematically be described as follows: 
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where crh  is the (critical) thickness of the transition from its instability to stability , and the single or 
double primes describe the first and second derivatives of the disjoining pressure with respect to h. 
Equations [6] and [7] describe the position of the local maximum while Eq. [5] describes the 
condition where the value of the local maximum is equal to zero.  
Equations [5] and [6] can be simultaneously solved for crC  and crh . Mathematically, the two 
equations describe the necessary condition for finding a solution for crC  and crh , while Eq. [7] is a 
sufficient condition for the local maximum to occur. Eqs. [6] and [7] have not been established 
previously. If Eq. [6] is not used, the solution of Eq. [5]  for crC  is uncertain because crh  is 
unknown and many pairs of numerical values for crC  and crh  can be found to satisfy Eq. [5]. This is 
the critical point of the previous papers 15, 17 which require experimental data for crh  to remove the 
mathematical uncertainty. Eq. [7] provide a quick and helpful check whether or not a solution for 
crC exists mathematically. Indeed, the third modelling approach taken by Chan and Tsang 
17 fails to 
satisfy Eq. [7]  and is proved to be incorrect as described in the following section.               
3. FURTHUR EVALUATIONS AND APPLICATIONS 
Equations [5] to [7] present the new model prediction for determining crC . The new model 
also allows for the prediction of the critical film thickness, crh , of the transition from instability to 
stability of saline water film drainage or vice versa. The model is generic because it can be used i) 
to predict crC  when a complicated/nonlinear isotherm for the disjoining pressure is employed, and 
ii) to establish the simple solutions for crC  which were previously obtained from different simple 
models, such as those described by Eqs. [1] and [2].  The details are shown below. 
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When the non-retarded van der Waals disjoining pressure, 3/ 6A h    (here the non-
retarded Hamaker constant, A, is a positive number), is used, Eqs. [5] to [7] gives          
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Solving these equations for the critical salt concentration and film thickness yields 
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Equation [11] is identical to Eq. [1] and the inequality [13] is automatically met, confirming 
the validity of the new model. 
Likewise, for the retarded van der Waals disjoining pressure, 4/B h    , solving Eqs. [5] to 
[7] yields  
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Again, Eq. [14] is identical to Eq. [2] and the inequality [16] is automatically met, validating the 
new model again. 
Finally, when the repulsive hydration disjoining pressure,    / exp /W h    , as 
proposed by Chan and Tsang 17 is used, inserting the hydration disjoining pressure into Eqs. [5] to 
[7] gives 
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where W is the pre-exponential (force) constant (positive) and   is the decay length of the 
hydration force. Since the left hand side of Eq. [18] is always negative and inequation [19] is 
always positive, Eq. [18] and inequation [19] cannot be satisfied by any real values of the salt 
concentration and film thickness, and therefore no real solutions for crC  and crh  can be found from 
Eqs. [17] to [19]. As a result, the proposal by Chan and Tsang 17 to replace the van der Waals 
attractions by the repulsive hydration forces is physically inconsistent and cannot be justified (The 
hydration force is also very short range, i.e., the decay length of the hydration force is shorter than 2 
nm 21-25 and cannot inhibit film rupture between two bubbles which occurs when the thickness is 
significantly larger than 2 nm).  
Likewise, not only the repulsive hydration disjoining pressure, but any other (single or 
combined) repulsive disjoining pressure cannot be the main driving force for inhibiting the bubble 
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coalescence in salt solutions. This is because in the case of the repulsive disjoining pressure being a 
decreasing function of the film thickness, first derivative of the pressure term in Eq. [6] is negative 
and the left hand side of Eq. [6] is negative, making Eq. [6] unsolvable mathematically. In the other 
cases, when a single repulsive disjoining pressure together with another attractive disjoining 
pressure provides a combined (summed) disjoining pressure with its first derivative being positive,  
Eq. [6] can be satisfied and a mathematical solution to the new model Eqs. [5] to [7] can be found. 
This case is demonstrated in the following.  
In many cases, the disjoining pressure can have a number of components with compatible 
magnitudes at compatible separation distances, e.g., the van der Waals pressure and the electric 
double-layer pressure at relatively high salt concentrations. No model for crC in these complicated 
cases is available in the literature. Here we show that the new model proposed in this paper can be 
used with the complicated/nonlinear disjoining pressure. We consider the disjoining pressure as a 
sum of the retarded van der Waal interaction and the electrical double-layer interaction, i.e., 
  24 64000 tanh exp( )4
 
      
 
g
g
B z F
h CR T h
h R T

  [20] 
where F is the Faraday constant, z is the ion valence of the symmetric z:z salt and  is the potential 
of the air-salt solution interface. The Debye constant is defined as 
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  
 [21] 
where   and 0  are the dielectric constants of the vacuum and water permittivity, respectively. In 
Eq. [20], the superposition approximation for the double-layer interaction 1 is used for thick films of 
salt solutions, and the unit of mol/L is used for the salt concentration. 
Substituting Eq. [20] into Eqs. [5] to [7] gives 
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Equations [22] to [24] can be solved by applying a numerical technique. Using Matlab code 
developed by our team, Eqs. [22] to [24] are successfully solved simultaneously. The retarded 
Hamaker constant can be determined accurately by fitting the retarded van der Waals disjoining 
pressure, 4/B h   , with the exact data of the Lifshitz theory and the full dielectric spectrum for 
water 1, 26, giving 293.492 10 J.mB    (The zero-frequency term in salt solutions of high 
concentration is negligibly small and is not considered here) 20. As an example, NaCl is used for the 
numerical calculation of crC  and crh . The numerical solutions obtained for films of NaCl solutions 
are 0.045mol/LcrC   and 25.626nmcrh  for R = 1.8 mm. The bubble radius of R = 1.8 mm is used 
as reported by Lessard and Zieminski 11. The effect of bubble radius on the calculated critical 
concentration of NaCl is relatively weak. For example, for R = 1.8, 2 and 2.05 mm, the calculated 
critical concentrations of NaCl are 0.045, 0.043 and 0.042 mol/L, respectively. The concentration 
variation is within experimental errors. The additional experimental data needed in the calculation 
for NaCl solution films are as follows. The potential of the interface between air and NaCl solutions 
can be measured by microelectrophoresis using a Rank-Brothers zeta meter MK II (Rank Brothers 
Ltd, Cambridge, England) and fine air bubbles of 20 m in diameter. Shown in Figure 2 are the 
experimental results (points) and the empirical approximation (line) for the modelling: 
 
2
1.097 log 17.110log 0.155C C    , where the units of potential and concentration are mV 
and mol/L, respectively. At 23 oC, Eq. [21] gives 3.239 C  , where the units of the Debye 
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constant and concentration are given in nm-1 and mol/L, respectively. As shown in Figure 3, the 
surface tension for NaCl solutions at 23 oC can be approximated by 30.0724 1.704 10 C    , 
where the units for surface tension and concentration are N/m and mol/L, respectively.  
 
Figure 2. Zeta potential of air-NaCl interface versus NaCl concentration. 
 
 
Figure 3. Surface tension of NaCl solutions versus concentration up to saturation at 23 oC 27. 
 
The calculated result for 0.045mol/LcrC   is significantly different from the experimental 
results of 0.175 mol/L for NaCl solutions and for the bubble radius of 1.8 mm, as reported by 
Lessard and Zieminski 11. The calculated result of 25.626nmcrh   is also too small compared with 
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the experimental results for salt solution films 28. This significant difference indicates that there may 
be another attractive disjoining pressure, much stronger than the retarded van der Waals attraction, 
causing the film to rupture at larger thicknesses. Indeed, similar to the retarded van der Waals 
attraction, an empirical power-law dependence of hydrophobic attraction on thickness was reported 
for the foam films stabilized by surfactants 29. Therefore, here we allow the force parameter B in 
Eqs. [22] - [24] to change and it is found that if 2952 10 J.mB   , the model gives the same results 
for 0.175mol/LcrC   as experimentally determined for NaCl. Evidently, the new force parameter is 
greater by an order of magnitude than 293.492 10 J.mB    for the retarded van der Waals 
attraction. The new critical thickness is equal to 50.302 nmcrh  , which is within the range of the 
available experimental results 28. These new results show the weakness of the van der Waals 
attractions (which would cause the film rupture and bubble coalescence) in balancing the pressure 
of the Gibbs-Marangoni stress (which would inhibit the film rupture and bubble coalescence) at the 
experimental critical concentrations. In other words, to be able to predict the experimental critical 
concentration and thickness, strong attractive (other than van der Waals) disjoining pressures are 
required. This demands further investigation into nonDLVO (hydrophobic) intermolecular 
interactions 30. 
4. CONCLUSIONS 
In this paper we developed a novel methodology for predicting crC . We have shown that crC  
occurs at the local maximum of the pressure balance equation for capillary pressure, disjoining 
pressure and pressure of the Gibbs-Marangoni stress. We also showed that the previous simple 
predictions for crC  could be obtained from our new, generic model described by Eqs. [5] - [7] when 
the van der Waals disjoining pressure is applied. We showed further that the hydration repulsive 
disjoining pressure could not be used to predict crC  since the model equations have no solutions for 
crC  and crh  in this case, and the hydration repulsion is too short-ranged to affect the rupture of 
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aqueous films of salt solutions at larger thicknesses. We successfully used the new model to 
demonstrate the solution for crC  and crh  when the retarded Casimir-van der Waals disjoining 
pressure and the electrical double-layer disjoining pressure were applied. Comparing the new model 
with the experimental results for crC  and crh  for NaCl solutions, it showed that the retarded van der 
Waals disjoining pressure would not be strong enough to cause the film to rupture at high NaCl 
concentrations. Indeed, if a strong hydrophobic attraction is used in the model, the matching of the 
model results and the experimental data for crC  for NaCl solutions is obtained, also giving a 
physically consistent solution for crh . The pressure constant of the power-law dependence of 
hydrophobic attraction on film thickness is greater, by an order of magnitude, than the Hamaker 
constant for the retarded van der Waals attraction. Further investigation to elucidate the role of 
hydrophobic attraction in determining crC  and crh  is needed. 
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& It is noted that the bubble rise velocity is mainly affected by buoyancy which is significantly 
stronger than the effect of inorganic salts. The changes in boundary conditions affected by salts are 
too weak to be detected by changes in the bubble rise velocity 31. Indeed, the boundary condition 
affected by salts can be probed by changes in the interfacial physics and intermolecular forces 
governing liquid film drainage between two approaching (colliding) bubbles. The important role of 
salts in thin liquid film drainage is discussed in the recent literature 31: “We must acknowledge that 
there are differences between a single bubble rising in a quiescent fluid and the thinning of a film 
between two colliding bubbles. Diffusion of electrolyte from the bulk to the interface, which arrests 
any induced surface tension gradient, is likely to be different, particularly if the film is very thin. 
18 
 
Additionally, the presence of surface forces may influence the distribution of ions in a thin film”. 
The transition from mobile to immobile air-water interfaces in salt solutions is established by 
experiments with colliding bubbles 19. Immobile (no-slip) boundary condition at the film interface 
between air and KCl solutions is confirmed when the bubble approaches the solid surface. It is also 
confirmed that the bubbles terminal velocities in the same KCl solutions displays full slip boundary 
condition at the air-solution interface of air bubbles in KCl solutions. It is further suggested that a 
surface tension gradient can be established during drainage of a thin liquid film even in the case of 
very clean air-water interface 18. Indeed, the radial plug flow in the thin liquid film results in a non-
uniform ion distribution in the surface which leads to a surface tension gradient sufficiently large to 
alter the air-bubble interface from mobile to partially mobile or immobile interface. Evidently, the 
effect of salts on film drainage and instability is significant and cannot be contrasted by the bubble 
rise velocity. 
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